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Understanding the entanglement structure of out-of-equilibrium many-body systems is a challenging yet re-
vealing task. Here we investigate the entanglement dynamics after a quench from a piecewise homogeneous
initial state in integrable systems. This is the prototypical setup for studying quantum transport, and it consists
in the sudden junction of two macroscopically different and homogeneous states. By exploiting the recently
developed integrable hydrodynamic approach and the quasiparticle picture for the entanglement dynamics, we
conjecture a formula for the entanglement production rate after joining two semi-infinite reservoirs, as well as
the steady-state entanglement entropy of a finite subregion. We show that both quantities are determined by
the quasiparticles created in the Non Equilibrium steady State (NESS) appearing at large times at the interface
between the two reservoirs. Specifically, the steady-state entropy coincides with the thermodynamic entropy of
the NESS, whereas the entropy production rate reflects its spreading into the bulk of the two reservoirs. Our
results are numerically corroborated using time-dependent Density Matrix Renormalization Group (tDMRG)
simulations in the paradigmatic XXZ spin-1/2 chain.
I. INTRODUCTION
The quest for a complete understanding of entanglement
spreading in out-of-equilibrium many-body system is a fruit-
ful research theme. Recently, this became experimentally
relevant, as it is now possible to measure the entanglement
dynamics with cold atoms1,2. The best-known entanglement
diagnostic tool is the von Neumann (entanglement) entropy
S ≡ −TrρA ln ρA, where ρA is the reduced density matrix of
a subsystem A (see Figure 1 (a) for a one-dimensional setup).
A prominent out-of-equilibrium situation is that of the
quench from two homogeneous initial states. This is a par-
ticular instance of inhomogeneous quantum quenches. The
prototypical setup for spin chains is depicted in Figure 1 (a),
and it consists in the sudden junction of two chains A and
B that are prepared in two homogeneous macroscopically
different quantum states |ΨA〉 and |ΨB〉. Subsequently, the
state |ΨA〉 ⊗ |ΨB〉 is evolved in real time using a quantum
many-body Hamiltonian H . Typically, a non-zero current
arises between the two chains. The main focus so far has
been on transport of local quantities, such as the local en-
ergy and local magnetization. Several techniques have been
used, such as Conformal Field Theory3–8 (CFT), free-fermion
methods9–20, field theory methods21–23, integrability24–28, and
numerical techniques20,29–33. For integrable models a recent
breakthrough34,35 allows for an analytic treatment of transport
problems using Thermodynamic Bethe Ansatz (TBA) tech-
niques36–46.
Surprisingly, as of now there are no exact results for the
entanglement dynamics after inhomogeneous quenches. No-
table exceptions are systems that can be mapped to CFTs in
curved spacetime6–8. In this case it is established that S grows
logarithmically after the quench7.
In contrast, for homogeneous quenches a well-known quasi-
particle picture47 allows one to understand the entanglement
dynamics in terms of quasiparticles traveling ballistically,
with opposite quasimomenta, through the system. The un-
derlying idea is that only quasiparticles created at the same
point in space are entangled. At a generic time t the entangle-
FIG. 1. Entanglement dynamics after the quench from two homo-
geneous chains in integrable spin chains. (a) At t = 0 two chains
A and B are prepared in the states |ΨA〉 and |ΨB〉 and are joined.
Dynamical properties at fixed ζ ≡ x/t are described by a thermo-
dynamic Bethe ansatz macrostate. (b) Quasiparticle picture for the
entanglement. Shaded cones denote quasiparticle pairs. Different
quasiparticles are produced in A and B. The entanglement produc-
tion rate and its steady-state value are determined by the macrostate
with ζ = 0. The larger shaded region is the associated lightcone
(note the different velocities v(A)n and v(B)n ). n labels the quasipar-
ticle families. We consider the entanglement between A and B, as
well as that of a finite region A′ of size `.
ment entropy S(t) between a subregion A and the rest is pro-
portional to the number of quasiparticles emitted at the same
point in space at t = 0, and being at time t one in subsystem
A and the other in B. More quantitatively,
S(t) ∝ 2t
∫
2|v|t<`
dλ|v(λ)|f(λ) + `
∫
2|v|t>`
dλf(λ), (1)
where f(λ) depends on the cross section for creating quasi-
particles with quasimomentum λ, and v(λ) is their velocity.
Eq. (1) holds in the space-time scaling limit, i.e., `, t → ∞
with fixed t/`. In many physical situations a maximum veloc-
ity vM exists, for instance, due to the Lieb-Robinson bound48.
Then, Eq. (1) predicts a linear growth for t ≤ `/(2vM ), fol-
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2lowed by a volume-law S ∝ ` at longer times. The validity
of (1) has been proven rigorously only for free-fermion mod-
els49–54, for which f(λ) and v(λ) can be determined analyt-
ically. The quasiparticle picture has been also confirmed in
several numerical studies55–57, and using holographic meth-
ods58–65. Violations of the quasiparticle picture have been ob-
served in CFT with large central charge64,66–70. Remarkably, a
framework to render (1) predictive for generic integrable sys-
tems has been developed in Ref. 71 (see Ref. 72 for an ap-
plication to the Hubbard chain). Specifically, for integrable
systems f(λ) coincides with the thermodynamic entropy as-
sociated with the post-quench steady state, while the quasi-
particle velocities v(λ) are those of the low-lying excitations
around it.
Here by combining a recent hydrodynamic approach for
integrable systems34,35 with the quasiparticle picture (1), we
provide the first exact results for the entanglement dynamics
after a global quench from a piecewise homogeneous initial
state in generic integrable systems. Specifically, we focus on
the steady-state entanglement entropy of a finite regionA′ (see
Figure 1 (b)), as well as the entanglement production rate be-
tween two semi-infinite reservoirs. Our main result is that
both are determined by the physics of the Non-Equilibrium-
Steady-State (NESS) (ray with ζ = 0 in Figure 1 (a)) appear-
ing at the interface between the two reservoirs. The steady-
state entanglement entropy coincides with the NESS thermo-
dynamic entropy, whereas the entanglement production rate
reflects the spreading of the NESS from the interface into the
two reservoirs.
The latter is relevant for quantifying the rate at which quan-
tum information spreads. The study of the quantum informa-
tion spreading is attracting enormous attention recently. For
instane, in the holographic community, the focus has been on
the so-called entanglement velocity vE , which is defined as73
dS(t)/dt = vEsth∂A, with sth the thermodynamic entropy
of the steady state, and ∂A the length of the boundary between
the subsystem of interest and the environment. For homoge-
neous quenches, vE has been investigated using holographic
methods73, exact calculations in free models53,74, and recently
in the dynamics obtained from random unitary gates75. For
inhomogeneous quenches, the information spreading started
to be investigated only recently76.
II. ENTANGLEMENT VIA INTEGRABLE
HYDRODYNAMICS
The first key ingredient to derive our results is that the spec-
trum of integrable models exhibits families of stable quasipar-
ticles. Typically, these are composite objects of elementary
excitations. For spin chains, they correspond to bound states
of magnons. The possible set of quasimomenta (rapidities) λ
that can be assigned to the quasiparticles are obtained by solv-
ing the so-called Bethe equations77 (see also Appendix A).
In the thermodynamic limit the rapidities form a continuum.
Thermodynamic properties of integrable models are described
by the particle densities ρn(λ) and the hole densities ρ(h)n (λ).
The latter is the density of unoccupied rapidities. The total
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FIG. 2. Entanglement dynamics after the quench from a piecewise
homogeneous initial state in the XXZ chain: Theoretical predictions
using the integrable hydrodynamics. The steady-state entropy den-
sity s∞ ≡ limt→∞ S(t)/` (full line) and the entanglement produc-
tion rate s′(t) ≡ dS(t)/dt (dotted line) are plotted versus the chain
anisotropy ∆ for several initial states.
density is defined as ρ(t)n ≡ ρn + ρ(h)n . Here the subscript
n labels different quasiparticle families, and for spin chains
is the size of the bound states. For free models in terms of
quasimomenta ρ(t)n = const, reflecting that the quasimomenta
are equally-spaced. Every set of ρn, ρ(h)n can be interpreted
as a thermodynamic macrostate, which corresponds to an ex-
ponentially large number of microscopic eigenstates of the
model. Their number is given as eSY Y , with SY Y the so-
called Yang-Yang entropy78
SY Y = sY Y L = L
∞∑
n=1
∫
dλ[ρ(t)n ln ρ
(t)
n
− ρn ln ρn − ρ(h)n ln ρ(h)n ]
≡ L
∑
n
∫
dλs
(n)
Y Y [ρn, ρ
(h)
n ]. (2)
Similar to free models, SY Y counts the number of ways of
assigning the different rapidities λ to the quasiparticles, com-
patibly with the densities ρn, ρ(h)n .
The second key ingredient in our approach is the integrable
hydrodynamics framework34,35. Due to integrability, informa-
tion spreads ballistically from the interface between A and B.
As a consequence, physical observables depend only on the
combination ζ ≡ x/t (see Figure 1 (a)), with x the distance
from the interface between A and B. For each fixed ζ, dy-
namical properties of local and quasilocal observables are de-
scribed by a thermodynamic macrostate, i.e., a set of densities
ρζ,n, ρ
(h)
ζ,n. Each macrostate identifies a different Generalized
Gibbs Ensemble47,79–109. The macrostate with ζ = 0 is known
as Non Equilibrium Steady State (NESS). The central result of
Ref. 34 and 35 is that ρζ,n satisfy the continuity equation
[ζ − vζ,n(λ)]∂ζϑζ,n(λ) = 0, (3)
where ϑζ,n ≡ ρζ,n/ρ(t)ζ,n, together with the standard TBA
equations77
ρ
(t)
ζ,n(λ) = an(λ) +
∞∑
n=1
(an,m ? ρζ,m)(λ). (4)
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FIG. 3. Steady-state entropy density after the quench from a piece-
wise initial state in the XXZ chain. Results are for the initial states
|N〉 ⊗ |F 〉 and |MG〉 ⊗ |F 〉 (panel (a) and (b), respectively). S/`
is plotted against t/`. The symbols are tDMRG data at long times
for different ∆. The star symbols are the Bethe ansatz results. Dash-
dotted lines are fits to S/` = s∞ + a/` + b/`2, with a, b fitting
parameters, and s∞ the Bethe ansatz results (Figure 2 (b)).
Here an and an,m are known functions of λ (see Appendix A
for their expression for the XXZ chain), and the star symbols
denotes the convolution f ? g ≡ ∫ dµf(λ − µ)g(µ). Cru-
cially, in (3) vζ,n are the velocities of the low-lying excita-
tions around the macrostate ρζ,n, and fully encode the interac-
tions (scatterings) between quasiparticles110. They can be cal-
culated using standard TBA techniques110 (see Appendix C).
The solutions of (3) can be conveniently written as35
ϑζ,n(λ) = θH(vζ,n(λ)− ζ)(ϑBn (λ)− ϑAn (λ)) + ϑAn (λ), (5)
with θH(x) the Heaviside function, and ϑ
A(B)
ζ,n the densities
describing the steady states arising after the homogeneous
quenches with initial states |ΨA〉 and |ΨB〉, respectively. Ex-
act results for ϑA(B)n are available for several quenches
111–125
(see also Appendix B). We now present our main results. We
start discussing the steady-state entanglement entropy of a fi-
nite region A′ of length ` embedded in part A and placed next
to the interface with B (see Figure 1 (b)). The steady-state
entropy is obtained in the limit `/t → 0, which identifies the
macrostate with ζ = 0 (NESS). Since the spatial extension
of the region described by this macrostate increases linearly
with time, for t  ` the ζ = 0 macrostate is expected to
describe the entire subsystem A′. Similar to Ref. 71, it is
natural to conjecture that the entanglement entropy density
s∞ ≡ limt→∞ S(t)/` becomes that of the Yang-Yang en-
tropy of the NESS. The latter is the thermodynamic entropy
of the GGE describing (quasi) local observables in space-time
regions with x/t→ 0. Using (2), this implies
s∞ =
∞∑
n=1
∫
dλs(n)Y Y [ρζ=0,n, ρ
(h)
ζ=0,n], (6)
where s(n)Y Y is calculated using the solutions of (3)(4).
We now turn to the entanglement production rate. For ho-
mogeneous quenches, this corresponds to the slope of the lin-
ear term in (1). Physically, Eq. (1) means that S(t) is de-
termined by the total number of quasiparticles that at time t
crossed the interface between A and B. It is natural to as-
sume that the same applies to the inhomogeneous case. After
the quench, the different lightcones associated with different
ζs start spreading from the interface between A and B. For
short times, all the types of quasiparticles remain confined
within A, the only ones crossing the boundary between A and
the rest are the ones described by the ζ = 0 macrostate. At
generic time t their number is proportional to the width of
the associated lightcone (see Figure 1 (b)). Equivalently, the
entanglement growth at short times reflects the spreading of
the NESS. Since the lightcone width increases linearly with
time, one should expect the linear behavior S(t) ∝ s′t, with
s′ ≡ dS(t)/dt the entanglement production rate given as
s′ =
∞∑
n=1
∫
dλ|vζ=0,n|s(n)Y Y [ρζ=0,n, ρ(h)ζ=0,n]. (7)
Formally, Eq. (7) is the same as that for the homogeneous
quench conjectured in Ref. 71. However, here the quasi-
particle velocities are not odd under parity, i.e., vn(λ) 6=
−vn(−λ), implying that the lightcone is not symmetric (in
Figure 1(b) v(A)n and v
(B)
n denote the different quasiparticle
velocities in the two reservoirs). Similar to the homogeneous
case the velocity of the entangling particles depends only on
the local equilibrium state at large times71 (here the NESS).
Finally, we should mention that obtaining the full-time dy-
namics of the entanglement entropy is an arduous task, unlike
for homogeneous quenches. The reason is that it requires re-
constructing the quasiparticles trajectories. Precisely, since
the quasiparticles velocity v is finite, the typical time t∗ for
the quasiparticles to travel through the subsystem is t∗ ∼ `,
with ` the subsystem size. This implies that these quasipar-
ticles should be described by ζ = `/t∗ = O(1). A possible
direction to determine the quasiparticle trajectories is to use
the approach of Ref. 126.
In the following we provide numerical evidence for (6)
and (7) considering the anisotropic spin-1/2 Heisenberg chain
(XXZ chain). The Hamiltonian reads
HXXZ = J
L∑
i=1
[Sxi S
x
i+1 + S
y
i S
y
i+1 + ∆S
z
i S
z
i+1]. (8)
Here Sx,y,zi ≡ σx,y,zi /2 are spin-1/2 operators, L the chain
length and ∆ the anisotropy parameter. We set J = 1
in (8), restricting ourselves to ∆ > 1. The XXZ chain
is the paradigm of Bethe ansatz solvable models77 (see Ap-
pendix A).
We consider the inhomogeneous quenches in which parts
A or B are prepared in the Ne´el state |N〉 ≡ (|↑↓↑ · · · 〉 +
|↓↑↓ · · · 〉)/√2, the Majumdar-Ghosh or dimer state |MG〉 ≡
[(|↑〉 + |↓〉)/√2]L/2, and the ferromagnetic state |F 〉 ≡
|↑↑ · · · 〉. For all these cases the bulk densities ϑA(B)n (cf. (5))
are known analytically (see Appendix B). Also, for ∆ > 1 the
dynamics from states obtained by joining states with oppo-
site magnetization109 leads to diffusive or subdiffusive trans-
port127–129. In contrast, all the initial states considered here
lead to ballistic transport (see Appendix D).
The strategy to use (6) and (7) is to first solve the coupled
systems of integral equations (3) and (4) for ζ = 0. The
obtained densities ρζ=0,n, ρ
(h)
ζ=0,n (some numerical results are
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FIG. 4. Entanglement dynamics after the quench from a piecewise
homogeneous initial state in the XXZ chain: Entanglement produc-
tion rate. Panels (a,b,c) and (d,e,f) show tDMRG results for the initial
states |N〉 ⊗ |F 〉 and |MG〉 ⊗ |F 〉, respectively. Different symbols
are for different ∆ and ` ≤ 64. S/` is plotted versus the rescaled
time t/`. The dash-dotted line is the theoretical result using Bethe
ansatz (Figure 2) in the thermodynamic limit `→∞.
shown in Appendix E) are then substituted in (2) (6) and (7).
Our results are summarized in Figure 2. The Figure shows the
steady-state entropy s∞ (dotted lines) and the entanglement
production rate s′ as a function of ∆. For the quench with
initial state |N〉 ⊗ |F 〉, both s∞ and s′ vanish for ∆ → ∞,
reflecting that the Ne´el state is the ground state of the XXZ
chain in that limit. Interestingly, for both |N〉 ⊗ |F 〉 and
|MG〉 ⊗ |F 〉, since the ferromagnet is an exact eigenstate of
the XXZ chain at any ∆, no quasiparticle production happens
in subsystem A. As a consequence, S(t) is fully determined
by the quasiparticle transport from B to A. However, s∞ and
s′(t) are smaller than the corresponding values for the homo-
geneous quench from the Ne´el state and the dimer state71.
It is also interesting to observe that for these quenches only
the quasiparticles with n = 1 contribute in (6) and (7), i.e.,
the bound states contribution to the entanglement vanishes
(see Appendix E). This is not the case for the quench from
|MG〉 ⊗ |F 〉, for which all bound states contribute and quasi-
particles are generated in both reservoirs. In this case both s∞
and s′ exhibit a rather weak dependence on ∆ (see Figure 2).
III. NUMERICAL CHECKS IN THE XXZ CHAIN
We now turn to verify the theoretical predictions presented
in Figure 2 using tDMRG simulations130–134. We first focus
on the steady-state entropy density s∞ of a finite block A′ of
length ` (Figure 1 (b)). We consider only the quenches from
the states |N〉 ⊗ |F 〉 and |MG〉 ⊗ |F 〉, as they are easier to
simulate. In fact, in our tDMRG simulations we use the com-
paratively small value of the bond dimension χ ≈ 75. This
allows us to obtain reliable results, provided that a space-time
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FIG. 5. The same as in Figure 4 for the initial state |N〉 ⊗ |MG〉.
Notice the smaller subystems sizes (` ≤ 24) as compared with Fig-
ure 4. The different panels are for different ∆. The dash-dotted lines
are the Bethe ansatz results.
average of the data is performaed This surprising efficiency
of tDMRG for transport-related quantities has been also ob-
served in Ref. 135.
Our tDMRG results in the regime t  ` are reported in
Figure 3 (a) and (b), plotting s∞ versus 1/`. The raw tDMRG
data at any time after the quench are reported in Appendix F.
To minimize the effects of oscillating (with the block size)
scaling corrections we averaged the data for t  `. The
results are for chains with L = 40 sites, severals ∆s (dif-
ferent symbols), and ` ≤ 10. The star symbols are the
Bethe ansatz results (6). The dash-dotted lines are fits to
S/` = s∞ + a/` + b/`2, with s∞ the thermodynamic limit
results, and a, b fitting parameters. Finite-size corrections are
clearly visible for small `. However, for both initial states
the numerical data are compatible in the thermodynamic limit
with the Bethe ansatz results. Note that for the quench from
|MG〉 ⊗ |F 〉 the dependence on ∆ for large ` is not visible
within the numerical precision, as expected from Figure 2.
We now focus on the entanglement production rate in Fig-
ure 4, again considering the quench from |N〉 ⊗ |F 〉 (panels
(a)-(c)) and |MG〉 ⊗ |F 〉 (panels (d)-(e)), plotting S/` versus
t/`. The data are now for chains with L ≤ 128. We always
consider the half-chain entropy, i.e., A′ = A and A half of the
chain (see Figure 1). A crucial consequence is that only one
boundary is present between A′ and the rest. The dash-dotted
lines are the Bethe ansatz predictions (Figure 2 and (7)). After
an initial transient, in all cases S(t) exhibits linear behavior.
The slope of this linear increase is in agreement with the Bethe
ansatz results, already for ` ≈ 16. A more systematic analysis
of finite-size corrections is presented in Appendix G. For the
quench from |MG〉⊗|F 〉, again, one should observe the weak
dependence on ∆. Finally, in Figure 5 we show the results for
the initial state |N〉 ⊗ |MG〉. Due to the large amount of
entanglement, we can only provide reliable tDMRG data for
` ≤ 24. tDMRG simulations are performed with χ = 400.
To highlight finite-size and finite-time corrections we show
data for ` = 8, which exhibit large deviations from the Bethe
ansatz predictions. On the other hand, for ` = 24 the data are
clearly compatible with (7).
IV. CONCLUSIONS
We investigated the entanglement dynamics after the
quenche from a piecewise initial state in integrable mod-
5els. We conjectured an analytic formula for the entanglement
production rate after joining two semi-infinite reservoirs as
well as for the steady-state entropy of a finite subregion ((6)
and (7), respectively). Our work opens several promising new
directions. For instance, it would be interesting to consider
the inhomogeneous quench in which an integrability-breaking
term acting at the interface between A and B is added to the
Hamiltonian. Already in the case of a defect that preserves
integrability this gives non trivial effects35. It would be also
enlightening to consider a time-dependent bipartition in which
subsystem A′ moves away from the boundary. By appropri-
ately tuning the speed at which A′ changes its position, it
should be possible to change the thermodynamic macrostate
governing the entanglement production. It should be possible
to extend the method to treat the mutual information, as done
for free fermions136,137. Finally, it would be interesting to ex-
tend the quasiparticle picture to treat multipartite systems as
in Ref.138.
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Appendix A: Bethe ansatz solution of the XXZ chain
Due to the conservation of the total magnetization Sz , the
eigenstates of the XXZ can be classified according to the total
magnetization ST =
∑
i S
z
i . Equivalently, one can use the
total number M of down spins as a good quantum number for
the eigenstates.
In the Bethe ansatz77 solution of theXXZ chain, the eigen-
states in the sector with M down spins (particles) are identi-
fied by a set of M rapidities λj , which are solutions of the
so-called Bethe equations77[
sin(λj + i
η
2 )
sin(λj − iη2 )
]L
= −
M∏
k=1
sin(λj − λk + iη)
sin(λj − λk − iη) , (A1)
where η ≡ arccosh(∆). Here we are interested in the thermo-
dynamic limit L,M → ∞ with M/L fixed. Then, the solu-
tions of the Bethe equations (A1) form string patterns in the
complex plane. Rapidities forming a n-string can be written
as
λjn,γ = λn,γ + i
η
2
(n+ 1− 2j) + δjn,γ , (A2)
where j = 1, . . . , n denotes the different string components,
λn,γ is the “string center”, and δjn,γ are the string deviations.
For the majority of the eigenstates of the XXZ chain, the
string deviations are exponentially small, i.e., δjn,γ = O(e−L)
(string hypothesis). The n-strings describe bound states of n
down spins. The string centers λn,γ are obtained by solving
the Bethe-Gaudin-Takahashi (BGT) equations77
Lθn(λn,α) = 2piIn,α +
∑
(n,α)6=(m,β)
Θn,m(λn,α − λm,β).
(A3)
For ∆ > 1, one has λn,γ ∈ [−pi/2, pi/2). Here we used
that θn(λ) ≡ 2 arctan[tan(λ)/ tanh(nη/2)]. The scattering
phases Θn,m(λ) are given as
Θn,m(λ) ≡ (1− δn,m)θ|n−m|(λ) + 2θ|n−m|+2(λ)
+ · · ·+ θn+m−2(λ) + θn+m(λ). (A4)
Each choice of the so-called BGT quantum numbers In,α ∈
1
2Z corresponds to a different set of solutions of (A3), i.e.,
to a different eigenstate of the chain. The corresponding
eigenstate energy E and total momentum P are obtained by
summing over all the rapidities as E =
∑
n,α n(λn,α), and
P =
∑
n,α zn(λn,α) with
n(λ) ≡ − sinh(η) sinh(nη)
cosh(nη)− cos(2λ) , zn(λn,α) =
2piIn,α
L
.
(A5)
In the thermodynamic limit, one works with the rapidity den-
sities. The root densities ρn,p are formally defined as
ρn,p(λ) ≡ lim
L→∞
1
L(λn,α+1 − λn,α) . (A6)
It is also convenient to define the associated hole densities
ρn,h, i.e., the density of unoccupied rapidities, and the total
densities ρn,t = ρn + ρn,h. The BGT equations (A3) in the
thermodynamic limit become a system of integral equations
ρ(t)n (λ) = an(λ) +
∞∑
n=1
(an,m ? ρm)(λ), (A7)
where we defined
anm(λ) =(1− δnm)a|n−m|(λ) + 2a|n−m|(λ)
+ . . .+ 2an+m−2(λ) + an+m(λ) , (A8)
with
an(λ) =
1
pi
sinh (nη)
cosh(nη)− cos(2λ) . (A9)
Appendix B: Macrostates for homogeneous quenches
Here we report the analytical results for the root densities
ϑ(A)n (λ) and ϑ
(B)
n (λ) (see the main text). We consider the ho-
mogeneous quenches from the Ne´el state and the Majumdar-
Ghosh state. These densities characterize the thermodynamic
macrostate in the bulk of the two systems A and B, i.e., for
|ζ| → ∞. We first define the densities ηn ≡ ρn,h/ρn. In
terms of ηn one has θn = 1/(1 + ηn).
6For both the Ne´el state and the Majumdar-Ghosh state, the
ηn obey the recursive equation97,121
ηn(λ) =
ηn−1(λ+ iη2 )ηn−1(λ− iη2 )
1 + ηn−2(λ)
− 1, (B1)
ρn,h(λ) = ρn,t(λ+ i
η
2
) + ρn,t(λ)− ρn−1,h(λ), (B2)
where η0 = 0 and ρ0,h = 0.
For the Ne´el state one has121
η1 =
2[2 cosh(η) + 2 cosh(3η)− 3 cos(2λ) sin2(λ)]
[cosh(η)− cos(2λ)][cosh(4η)− cos(4λ)] (B3)
ρ1,h = a1
(
1− cosh
2(η)
a1pi2 sin
2(2λ) + cosh2(η)
)
,
For the Majumdar-Ghosh one has113,120
η1 =
cos(4λ)− cosh(2η)
cos2 λ(cos(2λ)− cosh(2η)) − 1, (B4)
and
ρ1,h = a1(λ) +
1
2pi
(ω(λ− iη/2) + ω(λ+ iη/2)), (B5)
with
ω(λ) = − sinh(η)(−2 + cosh(η) + 2 cosh(2η)
4(cos(2λ)− cosh(2η))2
+
3 cosh(3η) + 4 cos(2λ)(− cosh(η) + sinh2(η))
4(cos(2λ)− cosh(2η))2 . (B6)
Appendix C: Velocities of entangling quasiparticles
A crucial ingredient in the integrable hydrodynamic ap-
proach34,35 and in the derivation of our results is the veloc-
ity of the low-lying excitations around the TBA macrostates
ρn, ρ
(h)
n . Here we outline its derivation following the approach
of Ref. 110. Given a generic thermodynamic macrostate iden-
tified by some densities ρn, ρ(h)n , one can imagine of choos-
ing among the eigenstates of the XXZ chain a representative
of the macrostate. This would be identified by some BGT
quantum numbers I∗n,α. Low-lying excitations around it can
be constructed as particle-hole excitations. In each n-string
sector, these correspond to the change I∗n,h → In,p, where
In,p(I
∗
n,h) is the BGT number of the added particle (hole).
Since the model is interacting, this local change in quantum
numbers affects all the rapidities obtained by solving the new
set of Bethe equations. The excess energy of the particle-hole
excitation can be written as110
δEn = en(λ
∗
n,p)− en(λ∗n,h). (C1)
Note that (C1) is the same as for free models apart from the
dressing of the single particle energy. The change in the total
momentum is obtained from (A5) as
δP = zn(λ
∗
n,p)− zn(λ∗n,h). (C2)
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FIG. 6. Quantum transport in the XXZ chain after the quench from
piecewise homogeneous initial state. Panels (a,b,c) show results for
the initial state |N〉 ⊗ |F 〉. Panels (d,e,f) are for the initial state
|MG〉 ⊗ |F 〉. The figure reports the local energy density E, the
local magnetization Sz , and the energy current JE plotted versus
ζ = x/t, with x the position in the chain, measured from the in-
terface between the two reservoirs. In all panels the symbols are
tDMRG data for a chain with L = 300 and several values of ∆.
To obtain smooth behavior a space-time average was performed in a
window with ζ = x/t±  and  ≈ 0.1. The dash dotted lines are the
theoretical predictions using the Bethe ansatz.
The group velocity associated with the particle-hole excita-
tions is by definition
v∗n(λ) ≡
∂en
∂zn
=
e′n(λ)
2piρn(1 + ηn(λ))
, (C3)
where we used that77 dzn(λ)/dλ = 2piρn,t, and we defined
e′n(λ) = de(λ)/dλ. Here e
′
n(λ) is obtained by solving an
infinite system of Fredholm integral equations of the second
kind110
e′n(λ) +
1
2pi
∞∑
m=1
∫
dµe′m(µ)
Θ′m,n(µ− λ)
1 + η∗m(µ)
= ′n(λ), (C4)
where Θ′n,m(λ) ≡ dΘn,m(λ)/dλ and ′n(λ) ≡ dn(λ)/dλ
(cf. also (A4) and (A5)).
Appendix D: Integrable hydrodynamics: Conserved charges
and currents
In this section we provide some numerical checks of the in-
tegrable hydrodynamics approach34,35, focusing on the XXZ
chain in the region with ∆ > 1. We consider the quenches
with initial states |N〉⊗ |F 〉 and |MG〉⊗ |F 〉. Using tDMRG
simulations we investigate the dynamics of the local magneti-
zation Sz , the local energy density E, and the energy current
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FIG. 7. Integrable hydrodynamics approach for the quench from the
state |N〉 ⊗ |F 〉. The results are for the XXZ chain with ∆ = 2.
Panel (a) plots the densities ϑn as a function of the rapidity λ for
ζ = 0. For n > 1 one has ϑn = 0. Note that ϑ1 is nonzero only
for λ > 0. Panel (b): Density ρn as a function of λ. Similar to (a)
only ρ1 is nonzero for λ > 0, whereas ρn = 0 for n > 1. Panel
(c): group velocities of the quasiparticles excitations vn plotted as
a function of λ. Different lines correspond to different families of
excitations (bound states). Note that for n > 1, one has that vn < 0
at any λ, whereas v1 changes sign at λ = 0. Note also that vn
have no well defined parity, in contrast with homogeneous quenches
for which vn(λ) = −vn(−λ). (d) Contributions to the Yang-Yang
entropy of the different quasiparticles families plotted versus λ. Only
n = 1 gives nonzero contribution for λ > 0.
JE . These are defined as35
Sz ≡ Szi (D1)
E ≡ Sxi Sxi+1 + Syi Syi+1 + ∆Szi Szi+1 −
∆
4
, (D2)
JE ≡ Sxi−1Szi Syi+1 − Syi−1Szi Sxi+1 (D3)
−∆Szi−1Sxi Syi+1 + ∆Szi−1Syi Sxi+1
−∆Sxi−1Syi Szi+1 + ∆Syi−1Sxi Szi+1.
In the framework of the Bethe ansatz, these are written in
terms of the root densities ρζ,n(λ) as
Sz =
∑
n
n
∫
dλρζ,n, (D4)
E =
∑
n
∫
dλρζ,n
sinh η sinh(nη)
cos(2λ)− cosh(nη) , (D5)
JE =
∑
n
∫
dλρζ,n
sin(2λ) sinh2 η sinh(rη)
(cos(2λ)− cosh(nη))2 . (D6)
Note that all the observables are functions of ζ ≡ x/t. The
dependence on ζ is encoded in the densities ρζ,n35.
The Bethe ansatz results (D4)(D5)(D6) are compared with
tDMRG results in Figure 6. The upper and lower panels show
tDMRG data for the quench with initial states |N〉 ⊗ |F 〉 and
|MG〉 ⊗ |F 〉, respectively. The data are for the XXZ chain
with L = 300 sites, up to times t . 100. The results in
panels (a-c) are obtained using bond dimension χ ∼ 20. For
the quench from the state |MG〉 ⊗ |F 〉 (panels (e-f)) we used
χ ∼ 75. In all panels the different symbols correspond to dif-
ferent values of ∆. In order to remove spatial and temporal
oscillations, we performed a spatio-temporal average. Specif-
ically, for each fixed ζ the results in the Figure are obtained
by averaging the data in a window ζ ±  with  ≈ 0.1. The
dash-dotted lines are the theoretical results (D4)(D5)(D6). For
|ζ|  1 all the observables become ζ independent. This hap-
pens in spatio-temporal regions with |x|  vM t, with vM
the maximum velocity in the system. Remarkably, for both
quenches, and for all values of ∆, the tDMRG data are in very
good agreement with the Bethe ansatz. Note, however, that the
theoretical predictions exhibits some cusp-like behaviors (see
for instance the arrow in panel (b)). These are expected and
have been discussed in Ref. 139, although they are not well
reproduced by the tDMRG results. It is natural to expect that
these deviations should be attributed to the finite χ and to the
finite-time and finite-size effects.
Appendix E: Neel-Ferro quench: Bethe ansatz results
In this section we provide some details on the Bethe ansatz
results for the quench from the state |N〉 ⊗ |F 〉. Our results
are summarized in Figure 9.
Specifically, panels (a) and (b) show the densities ϑζ,n and
ρζ,n, respectively. The results are for ζ = 0, which identifies
the relevant macrostate to describe the entanglement dynam-
ics after the quench (the subscript ζ in ϑζ,n and ρζ,n is omitted
in the Figure). First, it is interesting to observe that only ϑζ,1
and ρζ,1 are nonzero. Moreover, ϑ1 is nonzero only for λ > 0.
Similar behavior is observed for ρ1 (see panel (b)).
The group velocities of the low-lying excitations around the
macrostate with ζ = 0 are reported in Figure 9 (c). These
are obtained by numerically solving (C4) and using (C3). As
anticipated in the main text, one has vn(λ) 6= −vn(−λ). This
is in stark contrast with homogeneous quenches, where one
has71 vn(λ) = −vn(−λ). As a consequence the lightcone
of the entangling quasiparticles is not symmetric. It is also
interesting to observe that for any λ, vn < 0 for n > 1, which
implies that there is no transport of bound states from B to A
after the quench.
Finally, in Figure 9 (e) we show the contributions to the
Yang-Yang entropy density s(n)Y Y (see its definition in the main
text) of the quasiparticles. Clearly, only quasiparticles with
n = 1 and λ > 0 contribute to the entropy. Together with the
results in panel (c), this implies that the entanglement between
the two subsystems is generated by the transport of particles
from B to A.
Appendix F: Steady-state entropy: DMRG data
In this section we discuss in more detail the numerical data
for the steady-state entanglement entropy presented in Figure
3 in the manuscript, i.e., for the quench from the state |N〉 ⊗
|F 〉. We consider the entanglement entropy of a subsystemA′
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FIG. 8. Entanglement dynamics after the quench from a piecewise homogeneous initial state in the XXZ chain: Results for initial |N〉 ⊗ |F 〉.
The figure shows S/` plotted versus time. The different panels are for different values of ∆. The symbols are tDMRG data for several values
of the subsystem length ` and for a chain with L = 40 sites.
of length ` placed next to the boundary between A and B. To
avoid boundary effects A′ is embedded in A, which is chosen
larger than A′.
Our tDMRG results are presented in Figure 8. The data
are obtained using standard tDMRG simulations with bond
dimension χ ∼ 300 for the XXZ chain with L = 40 sites
and t ∼ 16. To calculate the von Neumann entropy we em-
ployed the techniques described in Ref. 140. The different
panels correspond to different values of 1.5 ≤ ∆ ≤ 10. The
figure shows S/` plotted versus the time after the quench. In
each panel the different symbols are for subsystems of differ-
ent length 1 ≤ ` ≤ 9. For each ` a linear increase, followed by
a saturation, is observed. The saturation value decreases upon
increasing ∆, in agreement with the theoretical predictions.
For t → ∞, in the limit ` → ∞, the entropy density S/`
should converge to the Bethe ansatz predictions. However,
strong finite-size effects are visible in the Figure, due to the
small ` considered. Moreover, it is interesting to observe that
upon increasing ∆, the data exhibit strong oscillations with
time. The data presented in Figure 3 correspond to the time
average of the tDMRG data in the time window 13 ≤ t ≤ 16.
Finally, we should mention that similar results are obtained
for the quench from the state |MG〉 ⊗ |F 〉.
Appendix G: Scaling corrections
In this section we discuss in more detail the finite-size cor-
rections of the tDMRG data in Figure 4 in the manuscript.
We focus on the quench from the state |N〉 ⊗ |F 〉, for which
the largest system subsystem sizes up to ` = 64 are avail-
able. We consider the scaling corrections to the entanglement
production rate. Figure 9 shows the deviations δS/` plotted
versus the rescaled time t/`. The theory predictions are ob-
tained using formula (7). The different curves in Figure 9
correspond to different sizes of subsystem A (see Figure 1
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FIG. 9. Entanglement production rate for the quench from the
|N〉 ⊗ |F 〉 quench: finite-size corrections. In the main panel the
curves are the deviations δS/` from the Bethe ansatz predictions for
the quench with ∆ = 1.75 (panel (a) in Figure 4 in the manuscript).
Here δS/` is plotted against the rescaled time t/`. The different
curves correspond to the different subsystem sizes ` = 16, 32, 64.
Corrections are clearly vanishing in the scaling limit. Inset: 1/` be-
havior of the scaling corrections. Here δS/` at fixed t/` ≈ 0.1 and
t/` ≈ 0.27 (data are marked with the same symbols in the main
panel) is plotted versus 1/`.
in the manuscript). Clearly, corrections are vanishing in the
scaling limit t, ` → ∞ with fixed ratio t/`. Interestingly, the
dependence of the corrections on t/` becomes weaker upon
increasing `. By comparing the data for ` = 32 and ` = 64,
it is clear that corrections decay as 1/` in the thermodynamic
limit. This is supported in the inset of Figure 9 showing the
data for fixed t/` ≈ 0.1 and t/` ≈ 0.27 plotted versus 1/`.
We should mention that a similar behavior as 1/` has been
observed for homogeneous quenches71.
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